Many-body systems with chiral fermions can exhibit novel transport phenomena that violate parity and time reversal symmetries, such as the chiral magnetic effect, the anomalous Hall effect, and the anomalous generation of charge. Based on the Maxwell-Chern-Simons electrodynamics, we examine some electromagnetic and optical properties of such systems including the electrostatics, the magnetostatics, the propagation of electromagnetic waves, the novel optical effects, etc.
INTRODUCTION
Recently, the quantum-anomaly induced transport phenomena in systems with chiral fermions have attracted significant attentions in a wide range of physics, from the Weyl/Dirac semimetals in condensed matter physics [1] [2] [3] [4] [5] , the quark-gluon plasma generated in high-energy heavy-ion collisions [6] [7] [8] [9] [10] [11] , to the electroweak matter in astrophysics [12] [13] [14] [15] [16] [17] . One wellknown example of such transport phenomena is the chiral magnetic effect (CME) [18, 19] , which is the generation of electric current induced by an applied magnetic field in the presence of imbalance between the chemical potentials of right-handed and left-handed fermions, J CME = e 2 4π 2 ∆µB,
where J CME is the electric current, B is the applied magnetic field, e is the charge of the fermion, and ∆µ ≡ µ R − µ L is the imbalance between chemical potentials of right-handed and left-handed fermions which is also called the chiral chemical potential. Another example is the anomalous Hall effect (AHE) in the presence of a separation between the energy-crossing points in momentum space (called Weyl nodes) for right-handed and left-handed fermions characterized by a vector ∆p [20] [21] [22] [23] [24] ,
where E is the applied electric field. The presence of ∆p can lead to another anomalous effect when a magnetic field is present which generates an extra charge density [25] :
The appearance of the above three quantum-anomaly induced effects changes the electromagnetic response of the chiral matter and turns the electrodynamics of the chiral matter into the following form,
where J 0 and J are source charge and source current (we assume the ordinary dielectric constant and magnetic permeability to be unit), respectively, and we have introduced the abbreviation b µ = (b 0 , b) with b 0 = e 2 ∆µ/(4π 2 ) and b = e 2 ∆p/(4π 2 ). This set of equations constitutes the basis of the Maxwell-Chern-Simons (MCS) electrodynamics. Note that if we identify b µ with the gradient of a background pseudoscalar field θ(x) (which is called the axion field), b 0 = ∂ t θ and b = ∇θ, the above set of equations also describes the axion electrodynamics. The purpose of the present article is to study the electrodynamics of chiral matter described by the above MCS equations. We will assume the four vector b µ to be constant. In this situation, the presence of b µ picks up a direction in spacetime and thus violates the Lorentz invariance; in fact, similar set of equations also appeared in the study of possible Lorentz violation in fundamental interactions [26] . Furthermore, parity symmetry and time-reversal symmetry are also violated by b 0 and b, respectively. The metric convention is g µν = g µν = diag(1, −1, −1, −1).
ansatz,
where K µ = (ω, k) with ω the frequency and k the wave vector. This is the case when only the CME is present. Without loss of generality, we assume b 0 > 0. The dispersion relation of the EM wave is easy to obtain,
where k = |k|. The amplitudes E 0 and B 0 satisfŷ
thus the EM wave is circularly polarized with "−" sign and "+" sign corresponding to right-handed and lefthanded modes, respectively. Obviously, the two polarized modes have different phase velocities and thus the matter is birefringent and the novel optical phenomena like Pockels effect (which is usually driven by an applied electric field for media with broken parity symmetry; in our case the presence of b 0 violates parity symmetry) can occur [27] . The dispersion relation (9) exhibits a striking feature, i.e., when k < b 0 , the left-handed photon 1 is not a propagating mode because its frequency becomes imaginary, ω = ±i kb 0 − k 2 . Furthermore, the branch with ω = i kb 0 − k 2 (k < b 0 ) is actually unstable, i.e., its wave amplitude grows exponentially with time. This instability (and its variants) has a number of significant consequences in various physical contexts [12] [13] [14] [15] [16] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . For example, it provides a mechanism for the generation of strong long-wavelength magnetic fields (in, e.g., early universe or neutron stars) by converting the axial charge of fermions (characterised by b 0 which is proportional to the chiral chemical potential) to the helicity of the magnetic field, H B = d 3 xA · B with A the vector potential for B, via the chiral anomaly relation,
where N R,L = Vn R,L with V the volume and n R,L the number density of right-handed and left-handed fermions. In this case, the dispersion relation of the EM wave is given by
where b = |b| and "+" and "−" signs generally correspond to right-handed and left-handed elliptically polarized photons (supposing b · k ≤ 0; otherwise, the "+" ("−") sign will correspond to left-(right-)handed photon), respectively. Without loss of generality, we can set b to be alongẑ direction and then we have
Obviously, ω 2 is always larger than or equal to zero so that both right-handed and left-handed photons are propagating modes and no instability is developed. We list some interesting consequences of the dispersion relation (14) .
(1) The dispersion relation (14) effectively describes one massive degree of freedom with mass b, corresponding to the right-handed wave, and one massless degree of freedom, corresponding to the left-handed wave. This is easily seen if we expand Eq. (14) at small momentum, k ≪ b,
Further more, the left-handed photon behaves like a nonrelativistic particle when propagating along the direction of b; similar dispersion relation of photon also occurs at high density nuclear and quark matter [38] .The very different dispersion relations of righthanded and left-handed photons may be useful in detecting typical properties of Weyl semimetal by using polarized laser. For example, as the right-handed mode is massive, when it travels with frequency smaller than its mass it will be attenuated over a length of order 1/ √ b 2 − ω 2 ; this may be used to measure the parameter b. In the following discussions we will mainly consider the case with ω > b so that both modes are propagating.
(2) The chiral matter with nonzero b has unusual optical properties. Noticeably, it is intrinsically birefringent, i.e., the refractive indices or the phase velocities of the right-handed and left-handed photons are different. The birefringence can bring novel optical phenomena, like the Faraday effect which is the optical gyrotropy in media with broken time-reversal symmetry (in our case, the b breaks the time reversal symmetry). The Faraday effect in general represents the phase difference, ∆φ(L) = φ R − φ L , between right-handed and left-handed photons as they travel a distance L in the matter. Suppose the incident photon is of frequency ω in directionn. Then after travelling a distance L alongn, the phase difference
For example, for forward propagating photons (along the incident direction), from Eq. (14), we find that if n is along x direction (or equivalently,
Thus the Faraday effect depends on both the magnitude and direction of b; it may provide a very useful way to determine b parameter in, e.g., Weyl semimetals. Relevant discussions are also given in Refs. [39] [40] [41] [42] [43] [44] [45] .
(3) The presence of b breaks the rotational symmetry and makes the chiral matter optically anisotropic. The optics of anisotropic media can be well described by three principal indices of refraction which satisfy the socalled Fresnel's equation. To find the principal indices of refraction, we notice that we can rewrite the MCS equations (4)- (7) with b 0 = 0 and without source terms in the following form,
with other two equations unchanged, where we have replaced ∂/∂t by its Fourier variable −iω. In these equations D is the displacement field which is expressed by
where ǫ(ω) is the frequency-dependent dielectric tensor,
Thus the chiral matter of this type is gyrotropic even without applying an external magnetic field and the gyration vector is given by b/ω [27] . By diagonalizing ǫ, we obtain the three principal indices of refraction (for ω > b),
which are the three eigenvalues of √ ǫ, and the corresponding principal dielectric directions,
Since the three indices of refraction are unequal, the chiral matter with a nonzero b is an optical "biaxial crystal"; and since the principal dielectric directions are complex, the photon is in general expected to be elliptically polarized. By eliminating B from Eq. (7) and Eq. (18), and writing in the principal coordinates, we obtain
with
The existence of nontrivial solution of Eq. (23) requires the determinant of the matrix in front of E to vanish, which after some algebra gives
where we have defined s = k/k being the propagating direction of the photon, and n = k/ω. Equation (25) is the Fresnel's equation of wave normals which defines a surface in the momentum space known as the normal surface [46] . For a given propagating direction specified by s, there are in general two solutions for n 2 which specify two phase velocities ω/k = 1/n of the photon propagating in that direction, corresponding to two independent polarizations of the photon 2 . The directions of the electric field corresponding to the two polarizations are given by
in the principal coordinate. Once we know the Fresnel's equation, a number of optical properties of the matter can be derived, see, e.g., Ref. [46] . This is the most general case when the CME, the anomalous Hall effect, and anomalous charge density are all present. In this case, the dispersion relation of the EM wave is given by the following equation
where 
Choosing a representative b µ = (b, 0, 0, −b), the dispersion relation of photon is given by
where a = ± represents the two polarizations and s = ± represents forward and backward moving modes. The solution (29) 
ELECTROSTATICS AND MAGNETOSTATICS IN CHIRAL MATTER

Sourceless magnetic and electric fields
We now turn to discuss the time independent features of the MCS electrodynamics, i.e, the electrostatics and magnetostatics of chiral matter. We begin with the sourceless case, i.e., J 0 = 0 and J = 0. Very unlike the normal Maxwell electrodynamics which permit only trivial static E and B fields if no charge or current is present, we will see that the static MCS equations permits nontrivial solutions even in the sourceless case. The MCS equations now read
We focus on two special cases. Case 1: b 0 = 0 and b = 0. This is the case with only CME presented. In this case, the solution of electric field from Eqs. (30)- (33) is trivial, so we set E = 0; while the B field satisfies
which implies that the magnetic field must be a Beltrami field 3 . In magnetohydrodynamics, a magnetic field that satisfies Eq. (34) is also called a Chandrasekhar-Kendall field or a "force-free" field as in that case the Lorentz force vanishes and thus the magnetic field does not change the material motion [47] . The properties of the solution to Eq. (34) in the context of usual magnetohydrodynamics were thoroughly studied, for example, it was shown that for fixed magnetic helicity H B , the magnetic field configuration satisfying Eq. (34) minimizes the magnetic energy E B = (1/2) d 3 xB 2 [48] . Although the static problem (34) looks simple, it can exhibit very complex magnetic field configurations according to different boundary conditions. One example with periodic boundary condition is given by where A, B, C are three arbitrary constants, and the boundary condition is periodic in x, y, and z direction so that
with n x , n y , n z integers. We will call such a magnetic field the Arnold-Beltrami-Childress (ABC) field as it is the magnetic counterpart of the ABC flow in hydrodynamics which is the steady solution of the incompressible Euler equation and satisfies v ∝ ω = ∇ × v [49, 50] . It is easy to check that the ABC field saturates the magnetic energy so that E B = b 0 H B /2. In hydrodynamics, the ABC flow was well studied and was found to be integrable if one of the three parameters A, B, C vanishes; while when ABC = 0 the flow shows chaotic trajectories [51] . Similar chaotic structure can also happen for our magnetic lines. In Fig. 1 , we plot the intersections of four magnetic lines 4 with the planes at b 0 z = 0 mod 2π, a plot called Poincare map or Poincare section, where it clearly shows three ordered (marked by blue, purple, and yellow points) and one chaotic (marked by green points) magnetic lines. The ordered magnetic lines form magnetic surfaces while the chaotic magnetic line is dense in the space outside the ordered region. The ordered and chaotic regions are separated by the largest magnetic surfaces which form the boundaries of the chaotic region.
Although we consider only the static configuration in this section, it is worth mentioning that Beltrami configuration is the equilibrium configuration toward which the chiral system evolves through the chiral-anomaly in-duced inverse cascade of magnetic helicity, according to recent studies in Refs. [31, 33, 34, 52, 53] .
Case 2: b 0 = 0 and b = 0. In this case, the magnetic and electric fields are coupled to each other, and the presence of one field commonly implies the presence of another one. For example, if a constant magnetic field along b (which is assumed to be alongẑ direction) is presented, B = B 0ẑ , then there must be an accompanying electric field distributed in the chiral matter as E = −B 0 zb up to a constant. But the opposite is not true, that is, the presence of a constant electric field along b direction induces no magnetic field. Another interesting solution is given by
where λ = λ(x, y) depends only on x and y and satisfies a Laplace eighen equation with the "wrong sign",
which corresponds to the dispersion relation (14) for right-handed mode at static limit ω 2 → 0. This solution permits solitonic structure around some defects in the chiral matter. For example, putting a charged plane with surface charge density σ at x = 0, we have λ(x) = (σ/2b)e −b|x| for b = 0 and x = 0 5 ; thus the EM fields read B z = (σ/2)e −b|x| and E x = (σ/2)sgn(x)e −b|x| for x = 0 while other components are zero. This solution means that a charged plane in the chiral matter induces both electric and magnetic fields in such a way that they are orthogonal and both decay exponentially away from the plane. The exponential decay of the fields away from the charge reflects the fact that the photon with dispersion relation (15) is massive with mass b.
Point charge and static current
We now turn to discuss the consequences of the static MCS equations with source terms, that is, we want to study the static EM fields induced by charge currents J µ in chiral matter. For this purpose, we rewrite the MCS equations in the formally covariant form
whereb µ = (b 0 , −b) and the gauge potential A µ is related to the EM field through the usual definition
The solution of this equation can be expressed by using the Green's function,
where we have expressed the solution in momentum space and A µ 0 (K) is the photon field which satisfies the sourceless MCS equations and has been studied in last subsection. In this subsection, we focus on the photon field generated by J µ , so we will not consider the
which can be checked by directly substituting Eq. (42) in to Eq. (41) and neglecting terms due to charge conservation
In the static limit, ω → 0, the Green's function is
We notice that at large k, k ≫ b 0 , b, the above Green's function becomes the usual one without any anomalous effects which means the short-distance static EM field induced by a charge current J µ (x) is the usual Maxwell fields. So in the following we focus on large-distance fields. Case 1: b 0 = 0 and b = 0. First, let us consider the case with only CME present. In this case, the components of the Green's function read
Thus, a point charge will still generate the usual Coulomb electric field, but the electric current can generate very different magnetic field. This is most easily seen in coordinate space in which the Green's function which is very different from the familiar δ ij /|x| form for ordinary electromagnetism. The first two terms are oscillatory which is due to the real poles ±b 0 in G ij (k).
The vector potential A(x) generated by a current J (x) is then given by
One interesting feature of this vector potential is that the magnetic field generated by an electric current can have component parallel to the current, see illustration in Fig. 2 in which we present the spacial distribution of the magnetic field generated by an infinitely long straight wire. An intriguing consequence of Eq. (48) is that the interaction between two charge-current loops contains a topological component due to the third term in Eq. (48) which is independent of the shapes and relative distance between the two loops and this topological component becomes important when condition L ≫ 1/b 0 (L is the shortest distance between the two loops) is satisfied, as first noticed in Ref. [55] . To see this, we write down the interaction energy between two static classical currents
, where I 1,2 are the strengths of the currents and C 1,2 denote the two loops, see Fig. 3 ,
where L(C 1 , C 2 ) is the Gauss linking number of loops C 1 FIG. 3 : Illustration of two linked loops C 1 and C 2 carrying constant electric currents I 1 and I 2 , respectively.
and C 2 which is topological invariant that measures the degree of linkages between C 1 and C 2 . Similarly, one can write down the interaction energy due to the first two terms in G ij (x) which are not topological and are important when the two loops are not separated too far away. Case 2: b 0 = 0 and b = 0. In this case, the components of the Green's function read
Without loss of generality, we assume b to be alongẑ direction. The corresponding Green's functions in coordinate space are
where
where J 0 (x) is the Bessel function, and x ⊥ and k ⊥ stand for the coordinate and momentum transverse to b.
The most striking feature here is that G i0 and G 0i do not vanish which means a point charge can generate a static magnetic field and an electric current can generate a static electric field. In Fig. 4 , we illustrate the electric field and the magnetic field generated by a point charge, and in Fig. 5 , we illustrate the electric field and the magnetic field generated by an infinitely long straight wire along x-axis. It is interesting to notice that the appearance of b leads to quite novel electric and magnetic fields distribution. Note that if the infinitely long straight wire is parallel to the vector b, it does not generate any electric field and it generates a magnetic field identical to the case with b = 0.
SUMMARY
In summary, we have studied the electrodynamics and optics of chiral matter based on the Maxwell-ChernSimons equations which contain effects that violate parity and time reversal symmetries. A number of novel electromagnetic (EM) and optical properties of chiral matter are explored. Finally, we emphasize that, the present work can be considered to be complementary to the previous studies in, e.g., Refs. [56] [57] [58] where the authors considered the situation that the EM fields are fixed while the matter fields (e.g., chiral density and electric charge density) are fluctuating. In this article, we consider the opposite situation where the matter parameters b 0 and b are fixed while the EM fields are varying in the fixed matter background. In a real matter, however, the presence of EM fields would change b 0 via the chiral anomaly and also be able to induce other terms in the Maxwell-ChernSimons equations, e.g., the terms representing the Ohm current and electric charge density. Thus, the fluctuations of the EM fields would be coupled to the fluctuations of the chiral density and electric charge density, and new collective modes would arise. It will be an interesting future task to explore such new phenomena.
